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Abstract
A GEM is an infinite loop space which is weakly equivalent to a product of Eilenberg–Mac Lane
spaces. In this paper, the fiber of any f -localization map of a GEM is shown to be a GEM again.
Using this result, we compute explicitly the p-local and p-torsion generalized plus-constructions of
abelian Eilenberg–Mac Lane spaces. We also prove some arithmetic square results to compute the
generalized plus-construction of Eilenberg–Mac Lane spaces in general. Ó 2000 Elsevier Science
B.V. All rights reserved.
Keywords: Generalized plus-construction; Localization; Nullification; Generalized homology
theory; Eilenberg–Mac Lane space
AMS classification: Primary 55P60, Secondary 19D06; 55N20
0. Introduction
Each generalized homology theory E∗(−) induces a generalized plus-construction
PE . If we take the ordinary integral homology theory H∗(−;Z) = HZ∗(−), the
generalized plus-construction PHZ is Quillen’s plus-construction with respect to the
perfect radical of fundamental group. These generalized plus-constructions are closely
related to homological localizations.
It is pointed out by Dror Farjoun [5, 1.E.4] that every homological localization functor
LE is an f E -localization functorLfE where fE is a universalE-equivalence. We refer the
readers to [3,5] for the essentials of f -localization theory. If we take CE to be the cofiber
of f E , then the (CE→∗)-localization, or CE -nullification functor PCE is the generalized
plus-construction with respect to E∗(−), and is written as PE . The space CE is called a
universal E-acyclic space. (See Section 1 below.)
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Moreover, the generalized plus-construction PE can be thought as an approximation
to homological localization LE in the sense that LE = LEPE = PELE . Since PE , as a
nullification functor, is more computable than LE , our attempt is to understand PE first
and then use our knowledge to analyze LE .
In [9], we studied the fundamental group of PEX for any space X. Now, we want
to study the generalized plus-construction of abelian Eilenberg–Mac Lane spaces. We
use results in [2,9] to determine the generalized plus-construction of simply connected
Eilenberg–Mac Lane spaces with respect to p-torsion and p-local homology theories. In
our calculation, we also need the following result which may have independent interest.
Proposition 0.1. The fiber of every f -localization map of a GEM is again a GEM, where
a GEM is an infinite loop space which is weakly equivalent to a product of Eilenberg–Mac
Lane spaces.
To compute the generalized plus-construction in general, we need some arithmetic
square results. To state it, we recall [2] that for each homology theory E∗(−) and for each
prime p, there is an integer np(E) such thatK(Z/p, j) is E-local for each j 6 np(E) and
E-acyclic otherwise. Moreover, there is a set of primes ℘E such that pi∗E are not uniquely
p-divisible for each p ∈ ℘E. See Section 2 for more details. The arithmetic square result is
Proposition 0.2. Let E∗(−) be a generalized homology theory and X be a simply
connected space. Then the diagram
PEX
∏
p∈℘E PEZ/pX
PEQX PEQ(
∏
p∈℘E PEZ/pX)
is a pull-back.
This arithmetic square is interesting in its own right since it is not clear whether f -
localization functor satisfies similar arithmetic square in general. Finally, we indicate the
plus-construction of abelianK(G,1)with respect to p-torsion or p-local homology theory.
The organization of this paper is as follows: In Section 1, we set up our notation. In
Section 2, we recall some important results of Bousfield and Dror Farjoun. In Section 3, we
show that the generalized plus-construction with respect to ordinary homology theories and
its corresponding homological localization agree on simply connected spaces. In Section 4,
we show that the fiber of any f -localization map of a GEM is a GEM. In Section 5,
we compute the generalized plus-construction of simply connected Eilenberg–Mac Lane
spaces with respect to p-torsion and p-local homology theories. In Section 6, we give
some arithmetic square results for generalized plus-constructions. Finally, in Section 7, we
briefly calculate the generalized plus-construction of an abelian K(G,1).
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1. Preliminaries and notations
In this paper, all spaces are assumed to be pointed and connected, and all maps and
homotopies are assumed to be base point preserving. The space of all pointed maps from
X to Y is denoted by map∗(X,Y ).
Let us recall the definition of f -localization functor Lf and A-nullification functor PA.
Fix a map f :A→B between spaces. A space T is called f -local if the map
map∗(f,T ) : map∗(B,T )→map∗(A,T )
is a weak equivalence. And a map g :C → D is called an Lf -equivalence if the map
map∗(g,T ) : map∗(D,T )→ map∗(C,T ) is a weak equivalence for every f -local space
T . For a space Y , the f -localization of Y is a pair (Lf Y,η) where Lf Y is f -local and
η :Y → Lf is an Lf -equivalence. If the map f is A→ ∗, we call f -local spaces A-
null and Lf -equivalence maps PA-equivalence. We write PA for Lf and call (PAY,η)
the A-nullification of Y . We often just call Lf Y (respectively, PAY ) the f -localization
(respectively, A-nullification) of Y .
For any map f (respectively, space A), a space X is called f -acyclic (respectively,
A-acyclic) if LfX ' ∗ (respectively, PAX ' ∗). Note that the following statements are
equivalent for every pair of spaces A and B (cf. [3, 9.1]):
(1) PAB ' ∗.
(2) PA = PAPB = PBPA.
(3) Every B-acyclic space is A-acyclic.
We define the generalized plus-construction with respect to a generalized homology
theory E∗(−) as follows. We know from [5] that the Bousfield homological localization
functor LE is an f E -localization functor LfE , where f E is the wedge of a set of
representatives of all E-equivalences fα :Aα → Bα (i.e., E∗(fα) is an isomorphism) in
which the cardinalities of Aα and Bα are less than or equal to that of pi∗E. An f E-local
space is also called E-local and an LfE -equivalence is also called an E-equivalence. If we
take CE to be the cofiber of f E , then the nullification functor PCE is called the generalized
plus-construction with respect to E∗(−), and is written as PE .
The plus-construction PE is a close approximation to the corresponding homological
localization LE in the sense that LE = LEPE = PELE . Note that the plus-construction
η :X→ PEX is an E-equivalence by the elementary construction given by Bousfield
in [3]. Moreover, the following three statements are equivalent for any space X:
(1) PEX ' ∗.
(2) E˜∗(X)= 0 (i.e., X is E-acyclic).
(3) LEX ' ∗.
We always denote the f -localization (respectively, A-nullification) functor by η :X→
LfX (respectively, η :X→ PAX) for each space X. The generalized plus-construction
with respect to E∗(−) (respectively,H∗(−;R)) is denoted by η :X→PEX (respectively,
η :X→ PHRX) for every space X.
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2. Results of Bousfield and Dror Farjoun
Recall [2] that for each homology theory E∗(−): (1) For each prime p, there is an
integer np(E) such thatK(Z/p, j) isE-local for each j 6 np(E) andE-acyclic otherwise
and (2) there is a set of primes ℘E such that pi∗E are not uniquely p-divisible for each
p ∈ ℘E. Hence, by [2, 2.2], K(Z/p,1) is E-local and EZ/p-local for each p ∈ ℘E.
Moreover, np(E) = np(EZ/p) for each p ∈ ℘E by [2, 2.2, 7.1 and 7.2]. Indeed, if
p /∈℘E, np(E)= np(EZ/p)= 0.
It was shown [2] that there are only three possibilities for each prime p:
(1) EZ/p ' ∗,
(2) EZ/p 'HZ/p, or
(3) np(E)=m for some integer m> 1.
Similarly, if we define n0(E) to be the largest integer n such that K(Q, n) is E-local.
Then we have n0(E)=+∞ or 0 depending on whether EQ 6' ∗ or not by [7, 1.8]. Indeed,
if EQ 6' ∗, LHQ = LEQ and if EQ' ∗, pi∗E are torsion.
An essential tool in our computation is the Bousfield’s Whitehead Theorem [2, 5.2]:
Theorem 2.1. Let R = Z/p or let R be a subring of Q. Suppose f :A→ B is such that
for some n > 1, Hj(f ;R) :Hj(A;R)→ Hj(B;R) is an isomorphism for i < n and an
epimorphism for i = n. Then pijLHR(f ) :pijLHRA→ pijLHRB is also an isomorphism for
j < n and an epimorphism for j = n.
Recall that an infinite loop space X is a GEM if it is weakly equivalent to a product of
Eilenberg–Mac Lane spaces K(Gi, i) for some abelian groups Gi . It was shown by Dror
Farjoun [5] that f -localization of any GEM is again a GEM. As a corollary, we have [5,
4.B.4.1]
Theorem 2.2. For any map f , any abelian groupG and any integer n> 1, LfK(G,n)=
K(A,n)×K(B,n+ 1) for some abelian groups A and B .
Another important fact we need is [5, 1.H.2 and 1.H.3]:
Theorem 2.3. The homotopy fiber of any A-nullification (respectively, Σf -localization)
map is A-acyclic (respectively, f -acyclic).
This result can be viewed as a partial converse of
Zabrodsky’s lemma. For any map f and any fibration F → E g→ B with B connected,
if F is f -acyclic, then g is an f -equivalence.
A general version of Zabrodsky’s lemma can be found in [3, 4.6] or [8, 1.1]. This general
version can be used to give a proof of Theorem 2.3.
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Finally, we state an elementary lemma which permit us to study E-acyclic spaces one
prime at a time [2, 3.3 and 3.4].
Lemma 2.4. For any map f and any generalized homology theory E∗(−), f is an E-
equivalence if and only if f is an EQ-equivalence and an EZ/p-equivalence for each
p ∈℘E.
3. Ordinary homology theories
Let R = Z[J−1] or R =⊕p∈J Z/p where J is a set of primes. We show that the plus-
construction and homological localization with respect to H∗(−;R) = HR∗(−) are the
same for simply connected spaces. By [1], all results in this section hold for all connective
homology theories.
Lemma 3.1. Let R = Z[J−1], where J is a set of primes, and let f :A→ B be a map
with B simply connected. The following statements are equivalent:
(1) f is an HR-equivalence.
(2) f is an CHR-equivalence.
(3) f is an HQ-equivalence and HZ/p-equivalence for each p /∈ J .
(4) f is an CHQ-equivalence and CHZ/p-equivalence for each p /∈ J .
Similar statements hold for R =⊕p∈J Z/p.
Proof. (2)⇒ (1), (1)⇔ (3) and (4)⇒ (3) are clear. (1)⇒ (2) By the Serre spectral
sequence, the fiber Ff of f is HR-acyclic since B is simply connected. Hence Ff is
CHR-acyclic. Zabrodsky’s lemma now implies that f is an CHR-equivalence. (3)⇒ (4)
is similar. 2
Lemma 3.2. Let R = Z[J−1], where J is a set of primes, and let X be a simply connected
space. The following statements are equivalent:
(1) X is CHZ[J−1]-null.
(2) X is HZ[J−1]-local.
(3) pi∗X are uniquely J -divisible.
(4) X is HZ/p-acyclic for each p ∈ J .
Proof. (2)⇒ (1) is clear from the definition. (2)⇔ (3) follows from [4, III 3.3] and (2)
and (3) are also equivalent to the statement thatH∗(X;Z) are uniquely J -divisible. Hence,
(3)⇔ (4) follows from the Universal Coefficients Theorem. (1)⇒ (3)Consider the degree
p map dp :Sn→ Sn on the n-sphere, where n> 2 and p ∈ J . Clearly, H∗(dp;Z[1/p]) is
an isomorphism and hence H∗(dp;Z[J−1]) is an isomorphism. By Lemma 3.1, dp is an
CHZ[J−1]-equivalence. Thus, we have an isomorphism
d∗p : [Sn,X] → [Sn,X].
This says that pinX is uniquelyp-divisible. Consequently,pi∗X are uniquely J -divisible. 2
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Similarly for R =⊕p∈J Z/p, we have
Lemma 3.3. Let R =⊕p∈J Z/p where J is a set of primes and let X be a simply
connected space. The following statements are equivalent:
(1) X is CHR-null.
(2) X is HR-local.
(3) pi∗X are Ext-J -complete.
Proposition 3.4. Let R = Z[J−1] or R =⊕p∈J Z/p, where J is a set of primes. If X is
simply connected, then the natural map PHRX→LHRX is a weak equivalence.
Proof. This follows from Lemmas 3.1–3.3. 2
Example 3.5. Proposition 3.4 is definitely false if X is not simply connected. If X = S1,
then pi1PHZ/pX = Z by [9], but pi1LHZ/pX = Ẑp , the p-adic integers.
In Section 6, we need
Lemma 3.6. For different primes p and q , each simply connected CHZ/q -null space is
CHZ[1/p]-null. Equivalently, each simply connected HZ/q-local space is HZ[1/p]-local.
Proof. The statements are equivalent to the statement that each simply connected
HZ[1/p]-acyclic space is HZ/q-acyclic. 2
4. Fiber of localization map of a GEM
Definition 4.1. An infinite loop space X is a GEM if it is weakly equivalent to a product
of Eilenberg–Mac Lane spaces K(Gi, i) for some abelian groupsGi .
Moreover, a space X is a GEM if and only if the natural inclusion i :X→ SP∞X has
a left homotopy inverse (cf. [5, 4.B.2.1]), where SP∞ is the infinite symmetric functor of
Dold and Thom. Recall from the proof of [5, 4.B.2.1], the retraction r : SP∞LfX→ LfX
is constructed so that the following diagram is commutative:
SP∞X
SP∞ η
s
SP∞LfX
r
X
η
LfX
where s : SP∞X→X is the retraction map of X.
The main result of this section is
Proposition 4.2. Let X be a GEM. For any map f , the homotopy fiber of the f -
localization map η :X→ LfX is again a GEM.
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Proof. We first prove the proposition for Σf -localization.
Let C be the cofiber of η. Then we have a fibration SP∞X→ SP∞LΣfX→ SP∞C.
Thus we have the commutative diagram of fibrations:
F
iF
X
i
LΣf X
i
Ω SP∞C SP∞X SP∞LΣf X
where i’s are the natural inclusions and iF is an induced map. Similarly, there is an induced
map rF :Ω SP∞C→ F extending the above diagram if we put the retraction maps r and
s instead of i’s. (Of course, the directions of vertical maps are reversed.) Since r ◦ i and
s ◦ i are homotopic to identity, rF ◦ iF is a weak equivalence.
Every space in the fibration F → X→ LΣfX is an infinite loop space. If we apply
map∗(F,−) to this fibration and take homotopy groups, we get a long exact sequence
of abelian groups. Now observe that different choices of rF ◦ iF differ by an element of
[F,ΩLΣfX]. Since Lf F ' ∗ by Theorem 2.3 and ΩLΣfX is f -local, we have
[F,ΩLΣfX] = 0.
This means that rF ◦ iF is homotopic to the identity. Hence, F is a retract of a GEM
Ω SP∞C, and so itself is a GEM.
In general, since X is a GEM, X =ΩY for some GEM Y . The fiber F of X→ LfX
is readily seen to be ΩF ′ where F ′ is the fiber of Y → LΣf Y by [5, 3.A.1]. Since F ′ is a
GEM, F is also a GEM. 2
5. Simply connected Eilenberg–Mac Lane spaces
In this long section, we compute p-local and p-torsion plus-constructions of simply
connected Eilenberg–Mac Lane spaces explicitly.
A homology theory E∗(−) is called p-local if EQ 6' ∗ and ℘E = {p}; it is called p-
torsion if EQ ' ∗ and ℘E = {p}. For a p-local homology theory E∗(−), if EZ/p ' ∗
or EZ/p ' HZ/p, then E ' HQ or E ' HZ(p), respectively. Hence, we only need to
compute the case when np(E)=m for some integer m> 1.
5.1. The nice case
We examine the situation when ℘E = {p}, np(E)=m> 1 and EZ/p∗K(Z, (m+ 1))
6= 0. We give explicitly a map from K(G,n) and show that its fiber is CE -null. By
Zabrodsky’s lemma, our map is an CE-equivalence. Then we use Bousfield’s result to see
the target space of our map is E-local and so CE -null. In this way, we not only compute
the plus-construction of K(G,n), we also show that the plus-construction of K(G,n) is
the same as its corresponding homological localization.
From Bousfield’s work, we have the following for p-torsion case.
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Proposition 5.1. Suppose np(E) = m > 1 and EZ/p∗K(Z,m + 1) 6= 0. Then for each
abelian group G and n> 2, PEZ/pK(G,n)→LEZ/pK(G,n) is a weak equivalence.
Proof. Recall [2, 4.3] that K(A,n) is EZ/p-acyclic if and only if one of the following
holds:
(1) 16 n6m and A is uniquely p-divisible;
(2) n=m+ 1 and A/ torsA is uniquely p-divisible; or
(3) n>m+ 2.
The assertion is clear for n>m+ 2. For n=m+ 1, from [2, 6.3] and Proposition 4.2, we
know that the fiber of the map η :LHZ/pK(G,m+ 1)→ LEZ/pK(G,m+ 1) is
K
(
Hom(Zp∞,G),m+ 2
)×K(Ext(Zp∞, torsG),m+ 1)
which is EZ/p-acyclic. Hence η is an CEZ/p-equivalence. Since LEZ/pK(G,n) is clearly
CEZ/p-null and
PEZ/pX =PEZ/pPHZ/pX =PEZ/pLHZ/pX
for simply connected X, the assertion follows in this case. For 2 6 n 6 m, since
LHZ/pK(G,n) is already EZ/p-local, the required map is a weak equivalence. 2
Explicitly, PEZ/pK(G,n) is K(Ext(Zp∞,G),n) × K(Hom(Zp∞ ,G),n + 1) for 2 6
n6m, K(Ext(Zp∞,G/ torsG),m+ 1) for n=m+ 1 and ∗ for n>m+ 2.
To recognize CE -null or E-local spaces, we use
Theorem 5.2 [2, 8.2]. Let Ẑp be the p-adic integers and EQ 6' ∗. If K(Ẑp,n) is EZ/p-
local for each p ∈ ℘E and f is an E-equivalence, then Hj(f ;Z(℘E)) is an isomorphism
for j < n and Hn(f ;Z(℘E)) is an isomorphism up to torsion.
For p-local case, we have
Proposition 5.3. Assume EQ 6' ∗ and ℘E = {p}. Suppose np(E) = m > 1 and EZ/
p∗K(Z,m + 1) 6= 0. For any abelian group G, PEK(G,n) = LEK(G,n) is K(Z(p) ⊗
G,n) for 2 6 n 6 m, K(Z(p) ⊗G/ torsG,m+ 1) for n =m+ 1 where torsG is torsion
subgroup of G, and K(Q⊗G,n) for n>m+ 2.
Proof. From [2, 5.1],K(Ẑp,m+1) isEZ/p-local. From Theorem 5.2, it is not hard to see
that (a) K(A, j) is E-local for each Z(p)-module A and for j 6m; and (b) K(A,m+ 1)
is E-local for each torsion free Z(p)-module A. Hence if n 6 m, as LHZ(p)K(G,n) is
E-local, PEK(G,n)= LHZ(p)K(G,n).
Suppose n>m+ 2. Consider the fibration
K(Q/Z⊗G,n− 1)×K(torsG,n)→K(G,n) η→K(Q⊗G,n).
It is clear that the fiber of η is EZ/p-acyclic and HQ-acyclic, and so it is E-acyclic.
Consequently, η is an CE -equivalence by Zabrodsky’s lemma. It is also clear that K(Q⊗
G,n) is E-local since EQ 6' ∗, and so is CE -null.
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Suppose n = m + 1. Since PEK(G,m + 1) is HZ(p)-local by Lemma 3.2, the plus-
construction factors through LHZ(p)K(G,m + 1) = K(Z(p) ⊗ G,m + 1). Consider the
fibration
K(Z(p)⊗ torsG,m+ 1)→K(Z(p)⊗G,m+ 1) β→K(Z(p)⊗H,m+ 1),
where H = G/ torsG. Since the fiber K(Z(p) ⊗ torsG,m + 1) is EZ/p-acyclic and
clearly HQ-acyclic, β is an CE -equivalence by Zabrodsky’s lemma. Since the base space
K(Z(p)⊗H,m+ 1) is E-local, the map β is the plus-construction of LHZ(p)K(G,m+ 1)
and so PEK(G,m+ 1)=K(Z(p)⊗H,m+ 1). 2
Remark 5.4. Proposition 5.3 can be obtained from Proposition 5.1 and arithmetic square
result in Section 6.
Propositions 5.1 and 5.3 have the following obvious generalization.
Proposition 5.5. Fix an integer m> 1. Suppose np(E)=m and EZ/p∗K(Z,m+ 1) 6= 0
for each p ∈ ℘E. For any abelian group G,
(1) if EQ' ∗, then PEK(G,n)= LEK(G,n) for each n> 2.
(2) if EQ 6' ∗, then PEK(G,n) = LEK(G,n) is K(Z(p) ⊗ G,n) for 2 6 n 6 m,
K(Z(℘E) ⊗G/ torsG,m+ 1) for n=m+ 1 and K(Q⊗G,n) for n>m+ 2.
Example 5.6. For complex K-theory K∗(−), ℘K = {all primes} and np(K) = 1 for
all primes p. It follows from Proposition 5.5 that PKK(G,2) = K(G/ torsG,2) and
PKK(G,n)=K(Q⊗G,n) for each n> 3.
5.2. The weird case
We examine the situation when ℘E = {p}, np(E)=m and EZ/p∗K(Z,m+ 1)= 0. In
this case [2, 4.4],K(A,n) is EZ/p-acyclic if and only if one of the following holds:
(i) 16 n6m− 1 and A is uniquely p-divisible;
(ii) n=m and A is p-divisible; or
(iii) n>m+ 1.
Note that plus-construction and its corresponding homological localization are different
in many cases in this section.
Since we are interesting in simply connected spaces, the plus-construction of K(G,n)
can be considered by Proposition 3.4 as a map β :LHZ/pK(G,n)→ PEZ/pK(G,n) if
EQ' ∗ or β :LHZ(p)K(G,n)→ PEK(G,n) if EQ 6' ∗.
For p-torsion case, we have
Proposition 5.7. Suppose np(E) = m > 1 and EZ/p∗K(Z,m + 1) = 0. Then for each
abelian groupG,PEZ/pK(G,n) isLHZ/pK(G,n) for 26 n6m−1,K(Ext(Zp∞,G),m)
for n=m and ∗ for n>m+ 1.
Proof. Since np(E) = m, Hj(LHZ/pK(G,n);Z/p)→ Hj(PEZ/pK(G,n);Z/p) is an
isomorphism for j 6 m. Thus, pij (β) :pijLHZ/pK(G,n) → pijPEZ/pK(G,n) is an
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isomorphism for j 6 m − 1 and an epimorphism for j = m by Bousfield’s Whitehead
Theorem. Hence, the case 26 n6m− 2 is clear. By EZ/p-acyclicity result of Bousfield
above, the case n>m+ 1 is also clear.
Suppose n =m− 1. Then PEZ/pK(G,m− 1)=K(Ext(Zp∞,G),m− 1)×K(H,m)
where H is a quotient group of S = Hom(Zp∞,G), say H = S/T . It is then clear that the
fiber of the plus-construction β :LHZ/pK(G,m− 1)→ PEZ/pK(G,m− 1) is K(T ,m).
By Theorem 2.3, K(T ,m) is EZ/p-acyclic and thus T is p-divisible. Since both the
domain and target spaces of β are CHZ/p-null, K(T ,m) is CHZ/p-null and T is Ext-p-
complete by Lemma 3.3. [4, VI 3.6] implies that T = 0. Hence, β is a weak equivalence.
Suppose n=m. Consider the plus-construction map
β :LHZ/pK(G,m)→PEZ/pK(G,m).
We know that PEZ/pK(G,m)=K(H,m) and H is a quotient group of S = Ext(Zp∞,G),
say H = S/T . Since the fiber of β is a GEM by Proposition 4.2, the fiber is
K(Hom(Zp∞ ,G),m+1)×K(T ,m). Using similar argument as above, we see that T = 0.
Now the proof of Proposition 5.5 is complete. 2
To recognize CE -null spaces, we use
Proposition 5.8. Let EQ 6' ∗ andX be an E-acyclic space. IfK(Ẑp,n) is CEZ/p-null for
each p ∈ ℘E, then H˜j (X;Z(℘E))= 0 for j < n and Hn(X;Z(℘E)) is p-torsion for each
p ∈℘E.
Proof. This follows from the Bousfield’s proof of Theorem 5.2. As Ẑp =Hom(Zp∞,Zp∞),
H˜j (X;Zp∞) = 0 for j 6 n by the Universal Coefficient Theorem. Since H˜∗(X;Q) = 0,
Proposition 5.8 follows from the long exact sequence derived from 0→ Z(℘E)→ Q→⊕
p∈℘E Zp∞ → 0. 2
For p-local case, we have
Proposition 5.9. Assume EQ 6' ∗ and ℘E = {p}. Suppose np(E) = m > 1 and EZ/
p∗K(Z,m+ 1)= 0. For any abelian group G, PEK(G,n) is K(Z(p)⊗G,n) for 26 n6
m− 1, K(A,m) for n=m, where A is the quotient of Z(p) ⊗G by its maximal divisible
torsion subgroup, and K(Q⊗G,n) for n>m+ 1.
Proof. Since np(E) = m, K(Z/p,m) is EZ/p-local and so is CEZ/p-null. By using
induction and inverse limits, it is not hard to see that K(Ẑp,m) is CEZ/p-null. Hence
H˜j (C
E;Z(p)) = 0 for j < m and Hm(CE;Z(p)) is a torsion group by Proposition 5.8.
Hence, Hj(K(G,m);Z(p))→ Hj(PEK(G,m);Z(p)) is an isomorphism for j < m and
an epimorphism for j =m. By Bousfield’s Whitehead Theorem, the map
pij (β) :pijLHZ(p)K(G,n)→ pijPEK(G,n)
is an isomorphism for j < m and is an epimorphism for j = m. Now, the case for
26 n6m− 1 is clear. The case for n>m+ 1 is proved similar to the case n>m+ 2 in
Proposition 5.3.
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Suppose n=m and PEK(G,m)=K(A,m)×K(B,m+ 1) for some rationals vector
space B . Then we have a fibration
K(C,m)→K(Z(p) ⊗G,m) β→ PEK(G,m).
SinceK(C,m)must beE-acyclic by Theorem 2.3,C is both p-divisible and torsion. Since
PEK(G,m) is HZ(p)-local,K(C,m) is HZ(p)-local or C is uniquely q-divisible for each
q 6= p. Thus C is divisible and torsion. Hence, B = 0 as B is a subgroup of C and C
is torsion. Since K(A,m) = K((Z(p) ⊗ G)/C,m) is CE -null, C must be the maximal
divisible torsion subgroup of Z(p) ⊗G. 2
Since the torsion subgroup of Z(p)⊗G is Z(p)⊗ torsp G where torsp G is the p-torsion
subgroup ofG, the maximal divisible subgroup of Z(p)⊗G is contained in Z(p)⊗ torsp G.
Remark 5.10. Proposition 5.9 can be obtained from Proposition 5.7 and arithmetic square
result in Section 6.
6. Arithmetic squares
If X is simply connected, the plus-construction η :X→ PEX factors through LHRX to
give a map β :LHRX→ PEX, where R = Z(℘E) or R =⊕p∈℘E Z/p.
Lemma 6.1. For any E∗(−) and any simply connected space X, if p ∈ ℘E, then the
homotopy fiber F of β :LHZ/pX→ PEZ/pX is simply connected.
Proof. First, pi1F is abelian since X is simply connected. Second, F is both HZ/p-
local and EZ/p-acyclic. Since K(Z/p,1) is EZ/p-local and F is EZ/p-acyclic,
0 = Hom(H1F,Z/p) = Hom(pi1F,Z/p). Now, as 0 = Hom(H1F,Z/p) ∼= Hom(pi1F ⊗
Z/p,Z/p), pi1F is p-divisible. Since F is HZ/p-local, pi1F is Ext-p-complete.
Therefore, pi1F = 0 or F is simply connected. 2
Proposition 6.2. Let EQ ' ∗ and let X be a simply connected space. Then the natural
map
α :PEX→
∏
p∈℘E
PEZ/pX
is a weak equivalence.
Proof. Consider the fibration∏
p∈℘E
Fp→
∏
p∈℘E
LHZ/pX
η→
∏
p∈℘E
PEZ/pX,
where Fp is the fiber of plus-construction LHZ/pX→ PEZ/pX for each p ∈ ℘E. Let
F =∏p∈℘E Fp . Note thatLHRX =∏p∈℘E LHZ/pX by [2, 7.1], whereR =⊕p∈℘E Z/p.
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By Lemma 6.1, each Fp is simply connected. Let Ip =∏q 6=p Fq . Then F = Fp × Ip for
each p ∈ ℘E. Clearly, Fp is EZ/p-acyclic. Now, for each q 6= p, Fq is HZ/q-local and
hence is HZ[1/p]-local by Lemma 3.6. Thus Ip is HZ[1/p]-local. Since Ip is simply
connected, Ip is HZ/p-acyclic and so is EZ/p-acyclic. Hence, F is EZ/p-acyclic. Since
p is arbitrarily taken from ℘E, F is E-acyclic and η is an CE -equivalence by Zabrodsky’s
lemma. Since
∏
p∈℘E PEZ/pX is CE -null and
PELHRX =PEPHRX =PEX, PEX =
∏
p∈℘E
PEZ/pX. 2
Proposition 6.3. Let EQ 6' ∗ and let X be a simply connected space. Then the diagram
PEX
∏
p∈℘E PEZ/pX
PHQX PHQ(
∏
p∈℘E PEZ/pX)
is a pull-back.
Proof. Consider the natural commutative diagram
LHRX
b
a
∏
p∈℘E LHZ/pX
a′
LHQX b
′
=
LHQ(
∏
p∈℘E LHZ/pX)
P
d
c
∏
p∈℘E PEZ/pX
c′
LHQX d
′
LHQ(
∏
p∈℘E PEZ/pX)
where P is the pull-back of the lower planar square and all vertical maps are induced
by plus-constructions. Note that the upper planar square is also a pull-back. In the above
diagram, if we take (1) the fiber of each vertical map, (2) the fiber of each planar map and
take the fiber of each induced map on these fibers, we will get the following diagram of
fibers
∗ F5 F5
F6 F5 F7
F6 ∗ F8
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where F1, F2, F3 and F4 are the fibers of the maps a (or a′), b (or b′), c (or c′) and d (or
d ′) respectively, and
(i) F5 is the fiber of LHRX→ P ,
(ii) F6 is the fiber of F2→ F4,
(iii) F7 is the fiber of
∏
p∈℘E LHZ/pX→
∏
p∈℘E PEZ/pX, and
(iv) F8 is the fiber of LHQ(
∏
p∈℘E LHZ/pX)→ LHQ(
∏
p∈℘E PEZ/pX).
We are going to show that F5 isE-acyclic. First, F7 is simply connected by Lemma 6.1. (F7
is denoted by F in the proof of Proposition 6.2.) Since LHQ preserves fibrations of simply
connected spaces, F8 = LHQF7 = PHQF7 and so F5 is HQ-acyclic by Theorem 2.3.
Second, from Proposition 6.2, we also know that F7 is EZ/p-acyclic, for each p ∈ ℘E.
Since F2 and F4 are fibers of simply connected HQ-local spaces, F2 and F4 are nilpotent
HQ-local spaces (cf. [6, II 2.2]). Thus F6 is nilpotent HQ-local and in particular F6 is
HZ/p-acyclic for each prime p by [4, V 3.3]. By Zabrodsky’s lemma, F5 is EZ/p-acyclic
for each p ∈ ℘E. Consequently, F5 is E-acyclic and the natural map LHRX→ P is an
CE-equivalence. Since P is CE-null (as a pull-back of CE -null spaces) and PELHRX =
PEPHRX = PEX, P = PEX. Finally, since LHR and PHR agree on simply connected
spaces, our proof is complete. 2
Propositions 6.2 and 6.3 can be combined to give our main arithmetic square result.
Corollary 6.4. Let E∗(−) be a homology theory and let X be a simply connected space.
Then the diagram
PEX
∏
p∈℘E PEZ/pX
PEQX PEQ(
∏
p∈℘E PEZ/pX)
is a pull-back.
Remark 6.5. Using the standard proof (cf. [2, 7.1 and 7.2]) for the existence of arithmetic
squares, we can show that for a simply connected space X, PEX is given by an arithmetic
square as in Corollary 6.4 if and only if PEX→ PEZ/pX is an HZ/p-equivalence for
each p ∈ ℘E.
Corollary 6.6. For any homology theory E∗(−) and any simply connected space X, we
have
(1) PHZ/pPEX =PEZ/pX for each p ∈℘E, and
(2) PHQPEX =PHQX if EQ 6' ∗.
Proof. Since PEZ/qX is HZ/q-local, it is HZ[1/p]-local for p 6= q . Thus the space∏
q 6=pPEZ/qX is HZ[1/p]-local and hence HZ/p-acyclic. If EQ ' ∗, (1) follows
since
∏
q 6=pPEZ/qX is HZ/p-acyclic. Suppose EQ 6' ∗. From Proposition 6.3, the
map PEX→∏p∈℘E PEZ/pX is an HZ/p-equivalence for each prime p. So the map
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PEX→ PEZ/pX is an HZ/p-equivalence and (1) follows in this case too. (2) follows
from the fact that the fiber of the map PEX→PHQX is HQ-acyclic. 2
We have another arithmetic square result using p-local theories.
Proposition 6.7. Let E∗(−) be a homology theory and let X be a simply connected space.
Suppose pi2(β) :pi2LHZ(p)X→ pi2PEZ(p)X is onto for each p ∈ ℘E. Then the diagram
PEX
∏
p∈℘E PEZ(p)X
PEQX PEQ(
∏
p∈℘E PEZ(p)X)
is a pull-back.
Proof. Note that if EQ' ∗, a space is EZ(p)-acyclic if and only if it is EZ/p-acyclic for
each p ∈ ℘E. Thus PEZ(p) = PEZ/p . Then Proposition 6.7 follows from Proposition 6.2.
Now, we assumeEQ 6' ∗. ReplaceZ/p byZ(p) everywhere in the proof of Proposition 6.3.
Then it suffices to check that F7 is EZ/p-acyclic for each p ∈ ℘E. Let Fp be the fiber of
LHZ(p)X→ PEZ(p)X for each p ∈ ℘E. Then F7 =
∏
p∈℘E Fp . By our assumption, each
Fp is simply connected. Let Ip =∏q 6=p Fq . Then F7 = Fp× Ip for each p ∈ ℘E. Clearly,
Fp is EZ(p)-acyclic and so is EZ/p-acyclic by Lemma 2.4. Now, for each q 6= p, Fq is
HZ(q)-local and hence is HZ/p-acyclic by Lemma 3.2. Thus Ip is EZ/p-acyclic. Hence,
F7 is EZ/p-acyclic. 2
Similar to Corollary 6.6, we have
Corollary 6.8. For any homology theory E∗(−) and any simply connected space X, if
pi2(β) :pi2LHZ(p)X→ pi2PEZ(p)X is onto for each p ∈ ℘E, then PHZ(p)PEX = PEZ(p)X
if EQ 6' ∗.
Proof. The proof is similar to that of (1) in Corollary 6.6. Since PEX→∏p∈℘E PEZ(p)X
is an HZ/p-equivalence, the map γ :PEX→ PEZ(p)X is an HZ/p-equivalence for each
p ∈℘E. Moreover, γ is an HQ-equivalence. Thus γ is an HZ(p)-equivalence. 2
A practical way to check the condition in Proposition 6.7 is
Proposition 6.9. Let E∗(−) be a homology theory. Suppose np(E)> 2 for each p ∈ ℘E
and the simply connected space X is arbitrary. Then pi2(β) :pi2LHZ(p)X→ pi2PEZ(p)X is
onto for each p ∈℘E.
Proof. Suppose np(E) > 2. Then the map Hj(X;Z(p)) → Hj(PEZ(p)X;Z(p)) is an
isomorphism for j = 1 and an epimorphism for j = 2 (cf. Proposition 5.8). Then the
assertion follows from Bousfield’s Whitehead Theorem. 2
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Example 6.10 [2, 4.5, 4.6]. For homology theoriesK(m)∗(−) and E(m)∗(−) at an odd
prime p, np(K(m))= np(E(m))=m.
To conclude this section, we observe that since homological localization for Eilenberg–
Mac Lane space is also given by arithmetic square similar to Corollary 6.4, using
Proposition 5.1 and Corollary 6.4, we have
Corollary 6.11. Suppose EZ/p∗K(Z, np(E) + 1) 6= 0 for each p ∈ ℘E. Then for any
abelian group G and any n> 2, PEK(G,n)→LEK(G,n) is a weak equivalence.
7. Abelian K(G,1)
In this section, we compute plus-constructions of K(G,1) for abelian G. To simplify
our exposition, we only discuss p-local and p-torsion plus-constructions of K(G,1).
For any abelian group R, a groupG is called R-perfect if R⊗G/[G,G] = 0. It is well-
known that every groupG has a largest (normal)R-perfect subgroup. The largestR-perfect
subgroup of G is called the R-perfect radical, and is denoted by NR.
Let us recall the following result of [9].
Theorem 7.1. LetE∗(−) be a p-local or p-torsion homology theory. If either (1) E∗(−) is
p-torsion and R = Z/p, or (2) E∗(−) is p-local, K(Ẑp,2) is EZ/p-local and R = Z(p),
then for any space X, the following three maps are the same
(1) pi1(η) :pi1X→ pi1PEX,
(2) pi1(η) :pi1X→ pi1PHRX,
(3) pr :pi1X→ pi1X/NR ,
where NR is the R-perfect radical of pi1X and pr is the projection map.
ForG abelian, it can be shown that (1) the Z[J−1]-perfect radical ofG is⊕p∈J torsp G,
the maximal J -torsion subgroup of G where torsp G is the p-torsion subgroup of
G, and (2) the ⊕p∈J Z/p-perfect radical of G is the image of the natural map
Hom(Z[J−1],G)→G, the maximal J -divisible subgroup of G.
7.1. p-torsion case
First, we determine PHZ/pK(G,1). Let PHZ/pK(G,1) = K(A,1) × K(B,2). By
Theorem 7.1, A=G/NZ/p where NZ/p is the Z/p-perfect radical of G. By Lemma 3.3,
K(B,2) is HZ/p-local. Since K(G,1) and PHZ/pK(G,1) have the same homological
HZ/p-localization,
Hom(Zp∞,G)=Hom(Zp∞ ,A)×B.
Since A does not contain any p-divisible subgroup, Hom(Zp∞,A) = 0 and B =
Hom(Zp∞,G).
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Second, we determine PEZ/pK(G,1) in general. Let PEZ/pK(G,1) = K(A,1) ×
K(C,2) where A is as in last paragraph. Consider the plus-construction as a map
PHZ/pK(G,1) → PEZ/pK(G,1). Then PEZ/pK(B,2) = K(C,2). Now, C can be
computed by results in Section 5.
7.2. p-local case
First, we determine PHZ(p)K(G,1). Let PHZ(p)K(G,1) = K(A,1) × K(B,2). By
Theorem 7.1, A=G/NZ(p) where NZ(p) is the Z(p)-perfect radical of G. By Lemma 3.2,
K(B,2) isHZ(p)-local, or B is uniquely q-divisible for each q 6= p. Consider the fibration
K(C,1)→K(G,1) η→K(A,1)×K(B,2).
Since K(C,1) is HZ(p)-acyclic, C is q-torsion for each q 6= p. Since B is a subgroup of
C, B is uniquely q-divisible and q-torsion for each q 6= p, and hence B = 0.
In general, if K(Ẑp,2) is EZ/p-local, then K(A,1) is CE -null by Theorem 7.1, where
A is as in last paragraph. This says that PEK(G,1)=K(A,1).
Remark 7.2.
(1) As pointed out by Bousfield [2], K(Ẑp,2) is EZ/p-local for all known p-local
homology theories E∗(−).
(2) Using Proposition 5.8, it follows from the proof of Theorem 7.1 in [9] that the
condition that K(Ẑp,2) is CEZ/p-null is sufficient for Theorem 7.1 to hold in the
p-local case. This last condition is satisfied if np(E)> 2.
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